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Abstract 

p ' An 5*0(9, 1) invariant formulation of an 11- dimensional supermembrane is presented 

r-| ! by combining an 50(10,1) invariant treatment of reparametrization symmetry with an 
5*0(9,1) invariant Or = gauge of K-symmetry. The Lagrangian thus defined consists 
^ ■ of polynomials in dynamical variables (up to quartic terms in A^ and up to the eighth 
I power in 6), and reparametrization BRST symmetry is manifest. The area preserving 
diffeomorphism is consistently incorporated and the area preserving gauge symmetry is 
made explicit. The 5*0(9, 1) invariant theory contains terms which cannot be induced by 
a naive dimensional reduction of higher dimensional supersymmetric Yang-Mills theory. 
The 5*0(9, 1) invariant Hamiltonian and the generator of area preserving diffeomorphism 
together with the supercharge are matrix regularized by applying the standard procedure. 
As an application of the present formulation, we evaluate the possible central charges in 
superalgebra both in path integral and in canonical (Dirac) formalism, and we find only 
the two-from charge [A^, A*^]. 
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1 Introduction 

A matrix formulation |l|, |^ of an 11-dimensional supermembrane @-0 received much 
attention recently in connection with a possible non-perturbative analysis of the so-called 
M-theory p, |10]. The matrix formulation so far is based on the light-cone gauge for- 
mulation [|ll|], which simplifies much the structure of the action. Recently, we presented 
a Lorentz covariant matrix formulation of a bosonic membrane [p!^], by extending a full 
covariant BRST formulation of the bosonic membrane in Ref . UlSj . In the present paper, 
we present an 5*0(9, 1) invariant formulation of the supermembrane by combining the 
manifestly Lorentz covariant treatment of reparametrization symmetry with the S0{9, 1) 
invariant Or = gauge of ^-symmetry, which has been proposed recently |T^, |15|, p^ . 
The theory thus formulated consists of finite polynomials in dynamical variables , and 
reparametrization BRST symmetry is explicit. The area preserving diffeomorphism and 
the area preserving gauge symmetry are also made manifest. The matrix formulation is 
obtained by applying the standard procedure. This formulation, which preserves most of 
the Lorentz boost symmetry, inherits much of the structure of the original supermembrane, 
and for example, it contains terms which cannot be obtained by a naive dimensional re- 
duction of higher dimensional supersymmetric Yang-Mills theory. Another characteristic 
of the present formulation is that the Or = gauge becomes singular for a naive "double 
dimensional reduction" of the supermembrane to the Type IIA string; if such a reduction 
exists , it should be non-perturbative one in the present formulation. As an application of 
this formulation, we examine the possible central charges in superalgebra in path integral 
as well as in canonical (Dirac) formulations. We find only the (possible) two-form central 
charges but no five-form charges, as is expected for a supermembrane. We emphasize 
that the light-cone formulation and the present 5*0(9, 1) invariant formulation, though 
Lagrangians have quite different appearance, in fact describe an identical theory in the 
domain where both of the gauge conditions are well-defined. 

To make this paper self-contained , we here recapitulate the basic definition of the 
supermembrane The action consists of two terms, the Dirac term and the Wess- 

Zumino term. The Dirac term So is written as 



where g"''^ = y/—gg"'^, and a" (a = 0, 1,2) are membrane world- volume coordinates. The 




(1.1) 
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variables hab are induced metric on the membrane world- volume W 

hab = V^uKK (1.2) 

where the flat D = 11 target space-time metric is deflned by rj^i, = diag(— 1, -|-1, ■ ■ ■ , -|-1), 
and 

U''^ = daX^ - lOT^'dae (1.3) 

with a 32-component Majorana spinor 9 and {T^, T'^} — 2rj^'^. 
The Wess-Zumino term is written as 

Swz = - I ^as (1.4) 

with a 3-form 



^ 3 



;i.5) 



The 3-form 03 is a potential of a closed 4-form 

hi = daa = dS^^n^^n^ = -ideV^^dOWW (1.6) 

In this paper we often use the form notation, which simplifies many of the equations. We 
here defined the basic 1-forms by 

E^.., = idev^„,e (1.7) 

with the statistics convention dO = daOda"" = da'^daO, and 

= n^d(7" = dX^ + E'' (1.8) 

Our definition of exterior derivative is the standard one on the bosonic manifold,i.e., 

d{Ap A Bq) = dAp ABg + {-IfAp A dBg (1.9) 

for p-form Ap and g-form Bg. 

The supermembrane action has several symmetries : reparametrization symmetry, 
which is manifest in the action, and global SUSY and local ^-symmetries. The target 
space global SUSY is defined by 

SsusyX^" = ieV^e = F 

SsusyO = e (1.10) 
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and n'^ is invariant, Ssusy^^ = 0. The K-symmetry is defined by 



6 J = (l + 7)«: 

s^r' = -Kr" (1-11) 

where 7, which is a world- volume analogue of 75, is defined by 

7 = ^''''lal.lc (1.12) 

in terms of the induced 7-matrices 

7, = n^r^ , {7a,76} = 2/i„b (1.13) 
The convention of the anti-symmetric tensor is 

£012 = 1 , (1.14) 

and 

/ ~ abc 

^abc V Q^abc i t 

'-9 



Cabc = V-g^abc , e = (1-15) 



The coefficient K in ( |1 . 1 1| ) is given by 

-|( W'^)[/(l, 1) + /(I, h) + fCK m (1-16) 

where 

f{A, B) = trAtiB - tiAB + AB + BA- AtiB - BtiA (1.17) 



and h'^ = g°''^hcb-^e raise and lower the world-volume indices a, b by the metric Qab- We 
note that 

^ - - ^ n.i8) 



^2 = ^g^/^ = ltr[/i/(/i,/i) 



before the use of equations of motion for gab- 

2 /SO (9, 1) invariant gauge fixing 

In this section we define an 5*0(9, 1) invariant gauge for the supermembrane. The 32- 
component Majorana spinor is an irreducible representation of 5*0(10, 1), and any alge- 
braic gauge fixing of K-symmetry generally breaks the full 5*0(10, 1) symmetry. The basic 
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idea of 6*^^ = ^(1 — F 



11) 



gauge is to decompose 



e = 0L + 0R 

32 = 16l©16r 

50(10,1) D 50(9,1) 



(2.1) 



We also decompose {X^^} as X^^ = (X*", X^^),where we use /i for a 11-dimensional index 
and m for a 10-dimensional index.Note that the eleventh element Fn of D = 11 F-matrices 
{F^} is identified with D = 10 chirality matrix Fq ■ ■ ■ Fg. The 6ji = gauge fixing of k- 
symmetry KB, |16[ is not D = 11 covariant but it is D = 10 covariant. This gauge 



preserves most of the Lorentz boost symmetry compared to the light-cone gauge, which 
is based on 50(10, 1) D 50(1, 1) x 50(9). 

In the following, we put " on the objects on the world-volume which consist of 10- 
dimensional variables. For example. 



7a = n-F^ 



The matrix 7 in (1.12) is written in a D = 10 notation as 



(2.2) 



7 



with 



7 + -Fnni^e"''^76, 
(1 -pFii)7 



(2.3) 



p = n-[ti ^j-7fe (2.4) 

We used the relation 7^7 = \hab^^'^'^^cd- The matrix 7 contains terms with both even and 
odd F™'s, and it has no definite chirality-flip property in 10-dimensions. The "irreducible" 
K-symmetry is to choose k*'' = 7/t_R/7^ and 



where 



{1 + i)k'' 

{l + '^ir)KR 



P+ — 

T 



(2.5) 



(2.6) 



5*'' is essentially the K-symmetry of a D2-brane [O. In the chiral notation, Fii6'i R 
±6'l B, we have 



(2.7) 
(2.8) 
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The matrix contains odd F^'s only, and consequently, 7ij. flips chirality in a 10- 
dimensional sense. The relation ^^^Or = shows that the variable 6^ is identified with 
the gauge parameter nji itself, which forms the basis of the 9r = gauge |T^, |I6|. Note 
that 7 = for a naive "double dimensional reduction", and the gauge Or = becomes 
singular in such a limit. 

By extending the covariant gauge fixing of the bosonic membrane, we adopt the gauge 
condition 



c-Oa 



R 







(2.9) 



The first condition corresponds to an orthogonal decomposition of the 3-dimensional mem- 
brane world- volume W into = R x S, where R and S are time and space part of the 
membrane world- volume, respectively. We use r = cr° and cr^ {k = 1,2) for coordinates 
on R X S. The gauge fixing and Faddeev- Popov terms are 



JO-. 



^BRST 
'7.0a 



Na{f^ + 5''')+UR 



(2.10) 



with 

One may understand ( p^.lOD as formally obtained from 



R 



+h{lR-lc''daeR) 
iVa(^°" + 5°")+fL^ii 

+Pl7r 



2\~0b 



(2.11) 



(2.12) 



after partial integration and then path integrating out the non-propagating ghost sector 
Pl'Jr', this procedure is analogous to that of the unitary gauge in the Higgs mechanism. 
The variable is a Lagrangian multiplier to impose 9r = 0, and 7/? is a Faddeev-Popov 
ghost for K-symmetry. By this way , only the following reparametrization BRST symmetry 



remains in ( p.lO|) 



56 = -iec^dnO 
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Sc" = -iec^dbc" , 5ha = eNa 

= -^e9,(c'^|j, (2.13) 

where the transformation law of C,l is induced by the original transformation law of the 
Nakanishi-Lautrup multiplet 

SPL = e^L , 5^ = (2.14) 
In some of the analysis of BRST symmetry |]T8|, it is convenient to revive an extra (redun- 



dant) variable by re-writing 

^ ^lOr - tPLC^dJn (2.15) 

In passing, we note that the choice of the gauge = —p{a^, cr^) |12[ instead of = — 1 
in ( |2.9| ) introduces a density p on E described in |T|. In this paper, we work with the 
gauge choice ( |2.9| ). 



3 Gauge fixed action 

If we integrate out g"-^ and Na in the total action with the above gauge fixing Lagrangian 
( p.lOP , we obtain the Lagrangian 

C = Co + Cwz + C,gh (3.1) 

where 



l,_,..o 1 , 

kl 



2' ^' 2 

Cgh = ^&o('9oC° - dive) + z(b, doc) + I^Or (3.2) 

withXF 

Gki = n^n^/ + ^bk^lc^ + ihidkc^ (3.3) 
We defined the 1-form b and a vector field c on S by 

h = bk<l(T^ , c = c^dk (3.4) 

and (b, c^qc) stands for an inner product. The Wess-Zumino term Cwzi which is indepen- 
dent of the metric, is not influenced in this procedure 

Cwz = nasM-.dx^ + is'^} 
1, 



--Sr [{X,, + {dX^ + -S^, S,} 
-isl^lS^^dX'^ + ^S'^} (3.5) 



We here defined "Poisson bracket" of two functions on E by 

{/, 9} = e'%fdig = djd^g - d^fd.g (3.6) 

where one regards the variables (cr^,o"^) on S as canonically conjugate variables. In this 
paper, we use the bracket {/,(?} to denote the "Poisson bracket" in this sense; for the 
conventional true Poisson bracket, we attach a suffix such as {p,x}p to the bracket. 
We also defined the "Poisson bracket" of 1-forms A and i? on S by 

{A, B} = *{AAB)= e^'AkBi = -{B, A] (3.7) 

For two exact 1-forms, the "Poisson bracket of 1-forms" becomes the ordinary Poisson 
bracket of functions 

WAg] = {f,9} (3.8) 

For a general 1-form and an exact 1-form, we have 

{Ad/} = -(A/) (3.9) 

where / = dkfe^^di = difd2 — d2fdi is a Hamiltonian vector field associated with /. 
The reparametrization BRST symmetry now becomes 

5X^' = -iec'^daX'' , 66 = -iec'^daO 

dd' = -le&d^d' , 5K = eBa (3.10) 

where 

5o = in^n^o + \ det Gui + 2«6o5oC° + idah^d' + ihd^c^ (3.11) 
Bk = n^n^fc + idabkc'' + z6fc9oc° + tkdkc' (3.12) 

The variables B^, up to equations of motion, correspond to the energy- momentum tensor 
Toa on the world volume. The BRST charge is given by 

Qbrst = |^c?v[c°(^n^n^o + ^detGH) + c'=n^n^, 

- z6o(c°9fcc'= + c'^dkc') - ibkc'dic'^ - c^'iM (3.13) 
The above Lagrangian is regarded as a supersymmetrization of the bosonic Lagrangian 



in Ref.fia 



The factor det Gm can be written as 

det Gm = ^{n^ WjiU,, n,} + 2^{^^ b}{n^, dc°} - 3(b, c0)2 (3.14) 
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All the Poisson brackets of 1-forms, which appear in ( p.5|) and ( 3.14 ), are reduced to the 
Poisson brackets of functions, for example. 



(3.15) 
(3.16) 



We have thus established an important fact: All the terms in the above Lagrangian, which 
contain derivatives with respect to a'', except for some of the ghost terms are written in 
terms of the Poisson bracket of functions. 

If we further integrate over and thus fix the gauge 9^ = strictly, the Lagrangian 
is further simplified to 

C' = C', + C'^, + C'^, (3.17) 

where 



r' 



wz 



^TO' + ^(5oXi')'-^detG., 
-S™dX™dX^^ 



with 



dgy^ = i6o(5oC° - dive) + i(b, doc) 

Gki = n™nw + dkX'^diX^^ + ihudic'' + ihidkc'' 



The Wess-Zumino term is rewritten as 
with 

The factor det G^i in ( p.l8|) is expanded as 



detC 



kl 



-{n'^,n"}2 + {n'",dx"}2 



The BRST symmetry is finally reduced to 

SX^" = -iec^daX" , SOl = -iec^'daOL 

Sc"" = -iec^dbc"^ , 6ba = eBa 
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(3.18) 

(3.19) 
(3.20) 

(3.21) 
(3.22) 



+2i{n"^, b}{n^, dc°} + 2i(b, X"ii){Xi\ c°} - 3(b, (?Y (3.23) 



(3.24) 



where 



5n 



{ir^y + {doX'^y + detGM + 2ibodoc" + iOaboc" + ibkOoc'' (3.25) 



B = n^n„, + (9oX"dX" + 2d(6oc°) + i&odc° + the - tC^h 



(3.26) 



with a Lie derivative of a 1-form {Cc^)k = c''dibk + dkc''bi and B = Bkdcr''. We also used 
the equations of motion, doc^ = dive and dobk = dkbo, and we defined a new variable 



c = dive = di.c'' 



(3.27) 



The BRST charge is then written as 



Q 



BRST 



dV 



+c\U'^Umk + doX''dkX'') - tboic'^dkc" + c'dkc'') - ibkc'di^ 



(3.28) 



Lagrangians ( p.l|) and ( p.l7| ) are physically equivalent; Lagrangian ( p.l|) exhibits more 
symmetry, whereas Lagrangian ( |3.17| ) contains the minimum set of variables in the present 
Or = gauge. 



4 Superalgebra in path integral formulation 

We now examine the supersymmetry algebra in our formulation. We start with the path 
integral analysis. In this section, we use the action before integrating out Na and g"'^: 



S = Sd + Swz+ I dV Cg 



w 



(4.1) 



with the gauge fixing Lagrangian Cg in ( |2.10| ). The variation of the action under a localized 
SUSY isi, § 

(4.2) 



where, 



S,S = I dV 
Jw 



w 2 



and 



+ e 



abc 



4? - - 2 



P2 = l 



af + 2S^ ( --W + -S 



1/4 



3^'^" V" 5 



(4.3) 



(4.4) 
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with /^'^ = In the evaluation of (O) and (0),we used the identity 

rf:/,75) = (4.5) 

where we symmetrize with respect to all the four spinor indices. The relation ^F^i] = 
— f^r^^ for two Majorana spinors is also often used. The term df32 may be dropped for a 
closed membrane, and we consider only this case in the following. The equation of motion 
for the supercurrent is obtained from (|4.2|) as 



daJ" 



(4.6) 



Physical information can be extracted from the equal-time commutator of these (broken- 
symmetry) supercharges in the path integral framework by using the Bjorken-Johnson- 
Low(B JL) prescription [|l^ . 



A SUSY transform of the supercurrent for a r-dependent but a'^-independent param- 
eter e(r) is given by 



— * d 



where the exterior derivative and the wedge operation are defined on the 2-dimensional 
space S of the membrane world-volume. We defined = ieT^O, = if]T^9 and the 
momentum density 



5C 



(4.8) 



The third term in ( [4.7|) represents a (possible) central charge of the supermembrane. The 
fourth term in ( |4.7] ) is a total derivative , and one may think of it as a central charge 
also. However the fourth term consists of terms containing 9, and it may not give a 
non-vanishing contribution at the boundary. For this reason we tentatively drop it in the 
following. 

The Ward-Takahashi identity for SUSY generators is given by 
d 



dr 



{T*-eQ{T)mr)) 



+5( 



r — r 



s 
d^a 



2eT^r/P^(f , - eV^'r^iX^, X,}{f, a'' 



I I dV T*eeL(r,a'=)r7g(f) 



(4.9) 
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In path integral this relation is obtained by starting with the expression 



(vQir)) 



(4.10) 



and applying the localized SUSY variation as in ( [4.7| ) and also the corresponding variation 
of the action. The above identity is written in terms of the T*-product, and we can identify 
the relation in terms of the T-product by using the BJL prescription. This procedure 
corresponds to removing the terms with drS{T — f)|[T^, and we obtain 

|-(Teg(r)r^g(f)) 



6{t 



+ 



f dV TeUr,cT')vQif] 



(4.11) 



By explicitly operating the time derivative operation in this relation and using the equa- 
tion of motion ( [4.6|) , the equal time commutator of supercharge is obtained as 



eQiT),r]Q{T) 



dV e(2W^(r,a^') - r^''{X„X,}{T,a% 



(4.12) 



The gauge fixing term, which breaks supersymmetry, does not influence this equal-time 
SUSY algebra. This is analogous to the old chiral SU{3) x SU{3) algebra where the 
soft breaking of symmetry by a mass term does not influence the chiral charge algebra. 
We here note that the derivation of (|4.12|) goes through without modification for the 
Lagrangian ( p.l| ) also. 

If we compare the above algebra with the most general D = 11 super algebra 



J /n /n 1 op F'^ -L — 7 J ^7 pA»i-M5 

we can identify the central charge (density) of supermembrane as 



(4.13) 



(4.14) 



Note that we obtain no fivebrane charge Z^^,,,^^ in the superalgebra of supermembrane 
theory, which is consistent with the past light-cone gauge analyses of superalgebra |]l], [l^ . 



In Matrix Theory as formulated in [|iOl, one can in principle introduce a longitudinal 
fivebrane charge by using two "canonical conjugate pairs of matrices" ||2^. Because of the 
absence of a transverse fivebrane charge in the basic superalgebra of matrix theory, the 
issue of the Lorentz invariance of matrix theory becomes very subtle in the presence of the 
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fivebrane. On the other hand, the superalgebra in supermembrane theory as evaluated 
here has a manifestly Lorentz covariant form. 

In connection with the above path integral evaluation of superalgebra, we want to 
comment on the following two issues: The first is if the path integral itself is well-defined 
after 6ji = gauge fixing. The second is a construction of a supercharge which is con- 
served, or if not conserved, a supercharge which is conserved up to a BRST exact piece, 
instead of the charge which is simply broken by the term C,l(^r as in ( [4.61 ). 

As is explained in the next section, we have a fermionic constraint Xa{o') ~ (|5.4|) 
after the gauge fixing 9r = 0, and the Poisson bracket of the constraint Xa(o") is given by 



(4.15) 



with Wm = Pfn — {Xmj X } + 2i6LTm{6i, X }. If one treats this constraint as a second- 
class constraint, one has to add an extra term 



(4.16) 



to the total Lagrangian with a hosonic left-handed Majorana spinor (pL, and the path 
integral is defined by 



dfiV(f)L exp 



w 



(4.17) 



This 0L is analogous to the Faddeev- Popov ghost .[] The field 0^ is non-propagating in 
the sense of a 3-dimensional field theory, and it may be neglected if one applies a suitable 
regularization. However, this factor is important when one examines if the path integral is 
well-defined. In fact, (r™W„)^ ^ -{doX^^)'^-^{U'^, n"}^ as is explained in (lOel) , and it 
vanishes for a naive vacuum configuration, which suggests that the path integral could be 
singular even after the gauge fixing Or = 0. This singular behavior is presumably related to 
the well-known instability of a supermembrane for a naive ground state configuration|0|. 
One can of course stabilize the membrane by a suitable compactification. The non- 
trivial central charge generally suggests certain compactification, and in this sense our 

^ The origin of this factor is understood if one remembers that the Faddeev-Popov gauge fixing is to 
add a constraint (gauge condition) X2 ~ to make the first class gauge generator xi « effectively a 
second-class constraint. The Faddeev-Popov factor is then given by 



det 



{Xi,Xi}p 
{X2,Xi}p 



{Xi,X2}p 
{X2,X2}p 



1/2 



det{xi,X2}p 



In the present case, we have the second class constraints and the determinant factor becomes 
(det{xa, X/3}p)^^/^, where the minus sign in the exponential arises from the fact that we are dealing 
with fermionic variables. This determinant factor is exponentiated by a bosonic spinor (f>L. 
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evaluation of the possible central charge is well-defined. Moreover , one can make the 
factor r"^Wjn invariant even under localized SUSY transformation if one uses a variable 
p-m _ pm _|_ i0^Y"^{6L, X^^} in a first order formalism, which means that Cfp^ in ( |4.16| ) 
does not affect the analysis of superalgebra. 

We next comment on the supercharge which is conserved up to a BRST exact term. 



For this purpose, we rewrite the conservation equation ([4.6| ). The equation of motion for 
Or gives 







(4.18) 



where we separated the total action S = S^^^ + Sg into a gauge fixing part Sg and the 
rest. In the remainder of this section, the derivative stands for the right-derivative. Next 
we note the K-symmetry of S^^\ which amounts to 

XQ{0) XQ{0) XQ{0) XQ{0) 



w 



dV -^.^^SJnia) + -^.^SJr.icT) + ... . J .X^'(a) + -^^^S.^'M = 

(4.19) 

where we use the transformation law in ( |1 . 1 1[ ) . Since Sg does not depend on and 6l, 
the equations of motion give ~ _55^ 

by 



0. The equation of motion for g"''' is given 



5^(0) 



+ 



If one combines the above 3 equations, one obtains 



\nabi 



where we defined 

in eq. ( [L.ll|) by noting (|2l^ ) . 

For the specific gauge fixing Lagrangian ( p.lO| ), we obtain 



(4.20) 



(4.21) 



(4.22) 



= SBRST{bJ'J"')-^^b{bac'^P^J 



(4.23) 



In the last equation, we used the fact that the transformation property of ip'^hiRg^^ under 
reparametrization symmetry is the same as since K-symmetry does not interfere with 
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the reparametrization symmetry. As is a scalar quantity under reparametrization 
symmetry, ip'^g'^'' also has the same transformation property as g"''^. 
We can thus rewrite eq.([4.6|) as 



= t5BRST{ba^P^cr) (4.24) 

with 

r = r- 6feC>°^'=^ (4.25) 
One can also understand ( |4.2| ) up to equations of motion as 

5,S=( d'a(ida-er--e5BRSTMlD)+ I \^I32 (4.26) 

By starting with 

{nQ{r)) (4.27) 

where Qij) = d^(TJ°(f, a^), one can derive the Ward-Takahashi identity as before, and 
one obtains the same algebra as ( [4.12|) 



eQ{T),r]Q{T)] = [ dV e{2T^P,{T,a'') - T^''{X^,X,}{T,a'))r] (4.28) 

In deriving this relation, it is important to recognize that ipci'^) depends on 6 {a) only 
through its derivative daO{a) or SUSY invariant combination 11^. This means that the 
variation of the extra term in J"^ under a r-dependent but cr^-independent supersymmetry 
transformation 6 — > ^ + e(r) always gives rise to terms proportional to dre{T). These terms 
in turn give rise to terms proportional to 9^5(r — f), which are removed when one goes 



to the T-product from T*-product by BJL prescription! 18 1. Consequently, the extra term 
in J" does not modify the supercharge algebra. 

The supercharge Q defined in terms of J" is analogous to the conserved supercharge 
in the light-cone gauge |^ which is obtained by a suitable combination of the localized 
SUSY transformation and ^-transformation. Since the reparametrization gauge fixing of 
g^"' partly spoils K-symmetry, a choice of kr, which compensates the variation of Or under 
a localized SUSY transformation eji, does not generate a conserved charge; instead one 
obtains Q defined above. 

5 Superalgebra via Dirac bracket 

In this section, we present a Dirac bracket analysis of superalgebra on the basis of the 
Lagrangian ( |3.17| ), which directly leads to the commutator algebra in quantized theory. 
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The conjugate momenta of X'^,X^^ and 6^ are calculated from Lagrangian ( p.l7| ) as 

P^ = U^o + ^OLrm{X'\eL} (5.1) 
Pii = doXn + tOLTmieL, X™} (5.2) 

SR = -l9Lr''{Pm + Ym) (5.3) 



where is defined in ( ^.22] ). From the definition of ( |5.1| ) and ( |5.3| ), we have a primary 
constraint 

Xr = Sr + ihT'^iPm + r„) ^ (5.4) 

The constraint xr forms a second class constraint (and consequently, there is no secondary 
constraint). Using the standard Poisson bracket relations 

{SR.{a),ei{d)}p = 5^J{a-d) 

{X™(a),P"(a)}p = r^'""5(a-a) (5.5) 

the Poisson bracket of the constraint Xa is calculated as 

Cafsia-a) = {Xa(o-),X/3(c^)}p 

= -2t6{a - a)r::pWM 

{C-'r~p{a - ~a) = 2'^(^-^)— 1^ (5.6) 

where we defined 

Wm = Pn.- {Xm, X''} + 2z^Lr™{^L, X''} = U^O + (5.7) 

The Dirac bracket is generally defined as 

{/, 9}d = {/, 9}P - J d'ad'a{f, Xa{cT)}p{C-%{a - a){x^a),9}p (5.8) 

Supersymmetry with a parameter ei is manifest in the Or = gauge. The corresponding 
supercharge is obtained by the Noether procedure as 



Qr = 1^ dV 2TmeL [n^ - {X™, xii} + dx''} 



(5.9) 



For a supersymmetry transformation with a parameter eR, it is broken by the gauge fixing 
term. We can nevertheless identify the supercharge Ql for the broken symmetry by simply 
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substituting the gauge conditions g^"" + (5°° = and Or = Q into the supercharge (^4.3|) 
defined from the original Lagrangian 



2 2 . 1 , ^ 

+o^L{^m)dx™} — -r^^jSm, dx„} — -r™'"^^L{Sm, s„} 

-3 3 5 , 



(5.10) 



We can estabhsh that Ql and Qr form a superalgebra in terms of the Dirac bracket 
Using the data of Poisson brackets, for example, 

{Qa,Q?}p = -4r- |^dV^ir^{^i,xi^} 
{Q2, x4p = 25"^9oX" - r„°^{n-, n-} 

we can calculate the Dirac bracket of supercharges 

[eLQB.nLQR]D = 2ez.r'"r7i|^dV(P„-{X^,Xn}) 
[eLQR,nRQL]D = 2 J^d^a{P''eLTnVR-l^LT"'''MXm,Xn}) 



(5.11) 



(5.12) 



+ / d 

IT. 



^{imni^^ - /i^r)(2dx„ + s„) + -/"rs„ 



(5.13) 



where we defined [ , ]d = i{ , }d ,1"" = ieLT'^OiJ^^ = iVRT^^Oi and = if^RV^'^eL. 
The last term in ( ^.131) , which depends on 9, is neglected in the following. These algebraic 
relations are also readily derived by the path integral method by starting with (tjlQr) or 



{VrQl) and using the BJL procedure in Lagrangian (|3.17| ). 

We compare these Dirac brackets with the chiral decomposition of ([4.13|) , 



)R r^R^ _ 2 



{Q^,Q^} 



{Qf,Qf} = 2 



1 

1 „ „™„ 1 



/p _|_ 7 W"^ _L 7 pm,i..m5 
l^-T m -r ^mllJJ- a/3 -r ^mi..m5^ af3 

"^""^ a/3 ^■^mi..m4ll 



pmi ..m4 

a/3 



{Pm - Z^ii)r™^ "^5!^' 



pmi..m5 



The central charge density can be read off from (|5.12|) and ( ^.131) as 



(5.14) 



(5.15) 



It is crucial to observe here that we can reproduce the full algebra from the commu- 
tators of {Qa, Qp} and {Qa, Q^} without using the algebra {Q^, Q^} whose evaluation 
is involved in the present strictly 9r = gauge, as is explained below. 
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In the light-cone gauge, the kinetic terms of and 9 are disentangled and they 
have the standard form|[l[].So the Dirac bracket in the light-cone gauge is very simple. 
In our 5*0(9, 1) invariant formulation, the Dirac bracket is more involved. Some of the 
representative Dirac brackets are given by 

{X ((t),X ((t)|d = — d{a-a) 

{X™(a), P-{a)}n = n-5{a - a) - - ^ ' {X'\a), 5{a - a)} (5.16) 

where ^ = W^V^. 

For the sake of completeness, we here present a Dirac bracket analysis of the algebra 
\(^rQl^t1rQl\d- For this purpose, it turned out to be simpler to work with the gauge 
Or = Q but without the gauge fixing of reparametrization symmetry, which avoids an 
analysis of the ghost sector. We thus start with the Nambu- Goto- type Lagrangian 

= ^NG + (^wz 



Kb = K^^mb + daX^^d^X^' (5.17) 

which is obtained if we integrate out g""^ and set 6^^ = in (|1.1|) and ( p^) . The conjugate 
momenta are defined by 

SR = -ieLT'^{P^ + Y^) (5.18) 

where = - v^(/i-^)°«n„„ = -^/^{h-^TdaX^^ and = -{H^, dX^^]. 
There are second-class constraints 

= Sr + ihT"'{Pn. + Y^)^0 (5.19) 

and first-class constraints, which correspond to the generators of reparametrization sym- 
metry. 



Bo = l{pl+Pu + dethki) ~0 



2 

B',=p^U'^+PndkX''^0 (5.20) 
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The Poisson bracket of second-class constraint is given by 

{XaM, X/3(^)}p = -2^5(a - a)V^pW^ (5.21) 

with W.m= Pm + ym- 

The supercharge has the same form as in ( ^.91) and (|5.10| ) ,if we replace IV^ and d^X^^ 
by and p^^ , respectively. The Dirac bracket ['^rQliTIrQlId is given by (see (|5.8| ) and 

r 2 

[crQl, VrQl]d = dV— eR(pii - Z) W{-Pii - Z)r]R 

= Jj'a^-en[i-pi, + Z')W+[Z,W]Pu + l[[Z,W],Z]]vR (5.22) 

where Z = ^T"^"-{Ilm,^n} and Z"^ = — |{nm,n„}^. The commutator of F-matrices can 
be evaluated by noting [F™, T"'] = 2(r7™r' - r^"^'!") as 

[z,w]pu + l[[z,W],z] = -2i^"{n^,nj(pnr/"' + {n",rf})r, 

= -2(-j9?, + Z2)F„r™ (5.23) 

We used the relation 

^'"{n^, nj = -pni;^ + {B', n J ^ -pn>;. (5.24) 
in the second step in (|5.23|) by noting the constraints ( |5.20| ). [(^rQl,VrQl]d is then 
reduced to 22 

[^rQl, VRQih = 2 dV ~^^^"^^ {W^ - 2F„)e^r"^r/^ (5.25) 

If we use 

= + ^2 + 25; -2{B',dX"} 

= -p2^-l{n^,n„f (5.26) 

by noting ( |5.2CI|) , we obtain the final result 

[eRQL,VRQL]D ~ 2eRr"'r]R f d'a{W^-2Yj 

= 2e«r™r/K / dV(P„ + {X^,Xn}) 

= 2e«r'-r7K / dV(P„ - Z„n) (5.27) 

which has a form expected from ( |5.12| ) and ( p.l4| ). To make our calculation well-defined, 
we have to satisfy —W^ > in ( p.26| ). Our analysis of [€rQl,VrQl]d is analogous to the 
Hamiltonian analysis of superalgebra for D-branes in |16[ . 
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6 Area preserving symmetry 

Our action ( 3.17| ) after integrating out the fields Na and ^ has a symmetry under a 
shift of c by a (fermionic) time-independent Hamihonian vector field 0; 6c = cj). (This 
property also holds for the action in (|3.1| ), but we analyze only (|3.17|) here. Also , one can 
shift c by a more general vector field u with divu = ) The generator of this symmetry 
is given by[p!2| 

F = *db = ^162 - ^261 (6.1) 

The area-preserving diffeomorphism (APD) of a general dynamical variable O is given by 
a Lie derivative with respect to a (bosonic) time-independent Hamiltonian vector field w\ 

50 = -C^O (6.2) 

For example, C^X^ = {w,X'^}. The generator of APD is defined by 

L = *dB 

= {Pm,X^} + {Pu,X''} + {SR,eL} 

+i{bo, c°} + i{h, c) + 2iVc + i{dV, c) (6.3) 

where Pm,Pn and Sr are defined in (|5.1|)-(|0|). It is shown that the two generators V 



and L form a BRST multiplet |21 



L = SbrstV (6.4) 

which is physically understood if one remembers that L generates a reparametrization 
with a parameter of the form w. 

The symmetries generated by V and L are characterized by time-independent param- 
eters and thus analogous to the residual symmetry in = gauge for Yang-Mills theory. 
We now discuss how to promote the symmetries generated by V and L to time- dependent 
gauge symmetry. To gauge the APD symmetry, we rewrite the Lagrangian (in a first 
order formalism) by introducing new independent variables Pm, Pn as 

£ = PUK + W'^{x'\eL}) + PiiidoX'' + teLr^eL,Xrn}) - \p^r.-lPu 

+^{eLT^{X'\ 9l}Y + ^{9lT^{9l, Xm})' - ^ det G - z^^r^ao^LF^ 
+ibo{doc° - dive) + z(b, Oqc) (6.5) 



If we integrate out Pm and Pu, we go back to the original Lagrangian ( |3.17|) . The 
Lagrangian ( |6.5| ) has an APD symmetry if we assign a transformation property to Pm 
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and Pii as functions on S. The APD generator has the same form as ( p.3|) , but Pm and 
Pii are now independent variables. 



We now introduce a BRST doublet A, A|]T2 



SbrstA = -iX , 6brstX = (6.6) 
as gauge fields for L and V, respectively. If we add a BRST exact term 

Cexact = -SbrsAAV) = tXV - AL (6.7) 



to the Lagrangian (|6.5| ), which does not change the physical contents of the theory, and 
if we integrate out P^ and Pu, the Lagrangian becomes 

Cgauged = ^ (/^O^™ - Z^L^O^^l)^ + ^ (DqX" )2 - 1 dct Gfc, 



+6o(/^oC° - dive) + z(b, DoC + A) (6.8) 
where Dq is an "APD covariant derivative" defined by 

DoO = doO + C^O (6.9) 
The Lagrangian Cgauged has an area preserving gauge symmetry 

6vC = (f) , SyX = —Do(f) 

SlO = -C^O , 5lA = -Dqw (6.10) 

for time dependent fnnctions 0(r, cr'^) and w{T,a''). Note that the Lagrangian ( |6.8|) has 
a structure quite different from that of the M(atrix) theory Lagrangian of Refs. |[lO| , 
and it is not given by a simple dimensional-reduction of D = 10 super Yang-Mills theory. 
The Lagrangian ( p.l7|) corresponds to the gauge fixing A = A = of this area preserving 
gauge symmetry. 

7 5*0(9, 1) covariant matrix regularization 

The physical state conditions in our formulation ( p.17 ) are given by 



y|phys) = db|phys) = 

L|phys) = dB|phys) = (7.1) 
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,which are the Gauss-law constraints for the A = X = gauge in (|6.8|) , in addition to the 
BRST invariance Q brstIp^J^) = 0. We now locally solve \^ = at the operator level 



-db 



(7.2) 



and treat c = dive as an independent variable. This procedure is shown to correspond to a 
gauge fixing of the symmetry generated by by a gauge condition F = diC^ — d2C^ = 0||T^. 
The Lagrangian ( p. 171) is then written as 



with 



^(n-)2 + ^{doX^'f - 1 det G' + tboidoc' - c) + tbdoc 



(7.3) 



det G" 



{n™,n'^}' + {n'",dx"}2 



+2i{db, n™}{n^, dc°} + 2t{b, X''}{X'\ c°} - 3{6, c°}2 



(7.4) 



It is crucial that all the terms in ( [7.3| ) which contain derivatives with respect to the vari- 
ables (a^, cr^) are written in terms of the "Poisson bracket of functions" on S. We can thus 
matrix-regularize the Lagrangian in a formal way by the "correspondence principle" pl ; 



{, } 



Tr 



(7.5) 



-I 



for a generic dynamical variable O; {Y"^{(T^, cr^)} are a complete set of orthonormal eigen- 
functions of Laplacian on S, and {T^} are the generators of SU{N) with N oc. 
The matrix-regularized action is then written as 



S 



drTr 



i(n™)2 + ^{doX^' f - i det G' + tboidoc' - c) + tbdoc 



+eLTjdoeL[x"',x''] + doX^[x'',eL] + doX''[eL,x 



(7.6) 



where 
det G' 



-^([x'",x"] -z^z.r"^[^L,xT -z^ir"[x"^,^i] + ^Lr"^[^L,^L]+r"<' 
-([x"\x^^]-ieLr"'[eL,x^^f^ 



-2z{[b, Xn + ieLT"'[b, OlU) ([X„, c°] - zOLTmieL, c°] 
-2«[6,Xii][X",c°] + 3[6,c°]^ 



(7.7) 
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The bracket [b, c°] + , for example, stands for an anti-commutator of matrix valued fermionic 
variables. 

The Hamiltonian and the generator of the area preserving diffeomorphism are respec- 
tively represented in matrix formulation as 

if = Tr Qp^p^ + ^ det G' + tb^c^ (7.8) 

and 

Tt{wL') = TTw{-t[P^, X'"] - z[Pn, X''] - t[SR, OlU + [bo, c% + [b, c]+) (7.9) 

where the parameter w{a^,a'^) is also represented by an infinite dimensional matrix. In 
the Hamiltonian above we defined the variables 

Sr = -z^Lr™(p^ + z[x„,x"] + ^ir„[^i,x"]) (7.10) 

In the Hamiltonian formulation we have a ( second class) constraint 

x = Sr + ieLT^{p„, + 2[x„, x^i] + ^Lr™[0L, x^^]) ^ (7.11) 

which complicates practical manipulations, although the Hamiltonian itself has a rela- 
tively simple form as in (|7.8|) . 

The supercharge is defined in the chiral decomposition as 



gii = Tr 



2r^^L(p"^ -^Lr™[x",0i] + ^[x™,xii] - \[x^\eL]T'^eL 



3' 

which corresponds to the Noether charge for 56 l = and (5X^ = ieiX^^OL, and 



(7.12) 



Ql = Tr(2pi^eL + ^r'""^i[X„,Xj- jMLr"^[^L,X„ 



2 

1 "J_J I ■'±J\_— — lib') — — IL] 2 



+h:^^[Xn, ^L]r„^i + ^r'""^i^Lr„[^i, ^lI+f^^l] (7.i3) 



which corresponds to 56 r = er and 5X^ = ieRV^OR in (3J-); the variable Or is set to 
after the evaluation of the Noether charges. 

We here note that the reparametrization BRST charge Qbrst in ( p.28| ) itself does 
not have a simple matrix representation. For example, the replacement of by a single 
variable c = dive does not go through, and the two variables and remain in the 
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BRST charge till the end. A true significance of this property is not clear, but it is partly 
related to the fact that we solved \^ = in the operator level but L = SbrstV = is not 
solved in the operator level: Instead we impose a constraint L|phys) = on the physical 
state vector. The manifest BRST invariant formulation in (|7. 1|) is thus partly spoiled by 
solving = in the above procedure. 

The BRST charge Qbrst generates transformation with 3 independent ghost variables 
(c°,c^,c^), whereas the matrix formulation above contains only two independent ghost 
variables (c°,c = dive) and corresponding canonical conjugate variables {ho,h). This 
reduction of the number of freedom is related to the symmetries generated by V and 
L, which exist even after the BRST invariant reparametrization gauge fixing in ( p.lO|) . 
This suggests that a proper use of the area preserving diffeomorphism reduces the BRST 
invariant physical states to those specified by two independent ghosts (c", c = dive) only. 
Although we cannot implement this statement in the operator level, we expect that this 
procedure works in the physical matrix elements formed by BRST invariant physical 
states. 



8 Discussion 

We have presented an S'0(9, 1) invariant formulation of the 11-dimensional supermem- 
brane by combining an 5*0(10, 1) invariant treatment of reparametrization symmetry with 
an 5*0(9, 1) invariant 9^ = {) gauge of ^-symmetry. The light-cone gauge formulation 
and the present 50(9,1) invariant formulation, for example eq.( |6.8|) , have quite differ- 
ent appearance. We however emphasize that these two formulations in fact describe an 
identical theory (i.e., 11-dimensional supermembrane) in the common domain where both 
gauge conditions are well-defined. 

Our 50(9,1) formulation of supermembrane compared to the light-cone gauge for- 
mulation preserves a large subset of D = 11 Lorentz boost symmetry , which may be 
regarded as "dynamical" symmetry. However, the rotational symmetry between "M- 
direction" (X^^-direction) and the other directions is not manifest. Recently D = 11 
Lorentz symmetry has been checked in a Z)2-brane scattering with M-momentum trans- 
fer and in the analysis of Lorentz algebra in the light-cone gauge [|19]. A similar 



check need to be done in our formalism as to the Lorentz-algebra and also the explicit 
calculation of dynamical processes. 

It is known that Green-Schwarz type IIA string action is obtained by a "double dimen- 
sional reduction" of the supermembrane action [ffl. The 6ji = gauge becomes singular 
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for a naive "double dimensional reduction" due to the denominator 7^ in 7,^ ( |2.6|) , and in 
this sense our 5*0(9, 1) invariant formulation may be regarded as intrinsic to the super- 
membrane. However, 6r = gauge is smoothly related to the configuration which has no 
winding in M-direction, i.e., the D2-brane. 

Recently the supermembrane with non-trivial winding has been studied [p3|, |2^. In 



these analyses, harmonic 1-forms on E play an essential role. In our treatment of V and L 
symmetries, we considered only Hamiltonian vector fields. In order to treat the non-trivial 
topology of S and the supermembrane with winding, we have to consider area-preserving 
diffeomorphism (APD) corresponding to a "locally Hamiltonian vector field", which is a 
symplectic dual of the harmonic 1-form. We have additional constraints associated with 
"locally Hamiltonian vector fields" Uj (i = 1, ■ ■ ■ , 2g) on S of genus g 

V,= j dV(b,u,)^0 (8.1) 
U = I dV(B, u,) = 5BRSTVi ^ (8.2) 

which are the generators of symmetries = eUj and S^^O = — £u.(9,respectively. When 
we solved the constraint db = in ( [7.2|) , we neglected the harmonic part of b, which is 
justified only when S = S^. It is generally necessary to consider the effect of harmonic 
1-forms when we matrix-regularize the supermembrane with genus g > 1. 

As to the relevance of our formulation to the so-called M-theory, a better understanding 
of the fundamental degrees of freedom in M-theory is important. The M(atrix) theory in 
||10| is formulated by regarding DO-branes as fundamental degrees of freedom. A crucial 
observation is the decoupling of anti-DO-branes in the infinite momentum frame, and it 
allows them to treat only DO-branes as fundamental degrees of freedom. But in a general 
Lorentz frame, the interaction between DO-branes and anti-DO-branes cannot be ignored 
in general, and a deeper understanding of the fundamental degrees of freedom is required. 



The basic idea of "membrane as composites of Z)0-branes"by Townsend[p5l , which is 
one of the physical bases of M(atrix) theory, is based on the resemblance of the light-cone 
gauge action of supermembrane (APD SYMq+i) ^ and the effective action of coincident 
DO-branes {U{N) SYMq+i) Our 5*0(9,1) invariant Lagrangian with APD gauge 

symmetry (|6.8| ) does not correspond to a dimensional reduction of D = 10 supersymmetric 
Yang-Mills theory, and a direct relation to DO-branes is lost. However, our Lagrangian 
and light-cone Lagrangian describe the identical physics as was emphasized above, and 
we hope that our formulation may shed new light on the basic dynamics of DO-branes 
and anti-DO-branes, and possibly on the dynamics of M-theory itself. 
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